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I Introduction 



Quantum groups have emerged in physics in connection with an attempt to 
understand the symmetries underlying exact solvabihty of certain quantum- 
mechanical and statistical models; they appeared to be quite powerful in this 
respect. 

Therefore, it is natural to ask whether their range of applicability as 
a mathematical tool for describing physical symmetries is wider and cov- 
ers, in particular, the most important case of space-time symmetries. The 
theory of Hopf algebras offers a variety of structures which can be viewed 
as deformations of classical space-time symmetry groups. For example, a 
number of deformed Poincare groups were considered [|I| . They posses many 
attractive features. However, if one is going to take seriously the very idea 
of quantum space time symmetries, many conceptual problems arise which 
solution seems to be quite difficult. It is rather obvious that one should 
concentrate on deformations of relativistic symmetries because it is a high 
energy/ small distance region where the deviations from the predictions of 
"classical" theory should occur. However, as far as the conceptual problems 
are concerned, the nonrelativistic region provides similar challenge. On the 
other hand it seems that the study of nonrelativistic deformed symmetries 
is slightly simpler. One is not here faced with some complications typical 
for relativistic quantum theory as, for example, the nonexistence of particle 
number conserving nontrivial interactions. 

In the present paper as a first step towards the understanding of non- 
relativistic quantum space-time symmetries we classify all nonequivalent 
Poisson-Lie structures on the four-dimensional Galilei group. The method 
we use (c.f.[0) is based on solving directly the cocycle condition; it has been 
already used for finding Poisson-Lie structures on the two-dimensional Galilei 
group 

We find families of structures which cannot be related to each other by 
the automorphisms of the Galilei group; contrary to the case of the Poincare 
group ^ many of them are not of the coboundary type. 

The paper is organized as follows. In sec.|| we sketch a general strategy 
while the results are presented in sec.fTT[ All technical details are relegated 
to the number of appendices. 

Let us conclude the introduction which some details concerning the Galilei 
group 0. 

The generic element g of the ten-parameter Galilei group G is denoted 
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by 

g = {t,a,v,R) (1) 

We shall denote by 
T = {(t,0,0,/)} 
S={{0,a,6,I)} 

v^{io,6,v,i)} 
7^ = {(o,o,o,i^)} 

the subgroups of time translations, space-translations, pure Galilei transfor- 
mations (boosts), rotations, respectivly. 
The group law is expressed by 

9" = g'-g={t',a',v',R'){t,a,v,R) = 

^{t + t',a' + R'a + v't, v' + R!v, R'R) (2) 

The identity for the group is 

e= (0,0,0,/) (3) 
and the inverse of the generic element is given by 

g-^ ^ {t,a,v,R)-^ = {-t,-R-^{a-tv),-R-^v,R-^) (4) 

The generators H, P, K and J of the Galilei Lie algebra Q are defined with 
the help of the exponential parametrization 

and they obey the following commutation rules (only the nonvanishing ones 
are written up) 

[Ji,Kj] = iSijkKk (6) 

(7) 

here and in the sequel the summation over repeated indices is understood 
(i,j,A; = l,2,3). 
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The automorphism group of G consists of the inner automorphisms to- 
gether with two outer ones generated by space dilations and time dilations : 



(t, a, V, R) — > {t, aa, av, R) 

{t,a,v,R) {bt,d,b~^v,R) (8) 

In what follows we shall need the right-invariant vector fields on G. Denoting 
by X the right-invariant vector field corresponding to the element X of the 
Lie algebra Q we have 

d 

" = 

A = (9) 



da. 



T - -■ —-■ p ^ 

' 'dak ovk oRki 

II Poisson— Lie structures on Galilei group — 
the general strategy 

Let us remind the notion of Poisson-Lie group 0,0. It is a Lie group 
G which has a Poisson structure { , } such that the multiplication map 
m : G X G ^ G is a. Poisson map (here G x G is given by the product Poisson 
structure). 

Poisson-Lie structures can be described explicitly as follows. Let Q be 
the Lie algebra of G; denote by {Xi} an arbitrary basis in Q and let cf^ be 
the corresponding structure constants. One defines a mapping t] : G ^ A'^Q, 

V{g)^r]'^ig)X,0Xj , r^'^ {g) = -^\g) (10) 

Let {X^} be the realization of Q in terms of right invariant vector fields 
on G. The Poisson bracket on G given by 

{$,^} = 7^^J(Xf$)(Xf^) (11) 

defines the Poisson-Lie structure on G provided the following conditions are 
obeyed 
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(i) Poisson-Lie property (co-cycle condition) 



ri{g'g) = vig') + Adig'Ug) (12) 

(ii) Jacobi identity 

- cl^v'^rf' - e,,rt'r - c%rf'r = (13) 

The inverse is also true: any Poisson-Lie structure on G can be written 
in the above form. The infinitesimal analogues of Poisson-Lie groups are Lie 
bialgebras. For any X E Q define 

S{X) ^ JtVie'''')\t=o (14) 

Then it can be easily shown that 6 : Q ^ t^Q has the following properties 
which are the infinitesimal counterparts of (i) and (ii): 
(i') co-cycle conditions 

b{\X,Y\) = [X®I + I^X,5{Y)] + [S{X),I^Y + Y®I] (15) 

(ii') CO- Jacobi identity 

® id) o 6{X) = (16) 

c.p. 

where c.p. means the summation over cyclic permutation of the factors in 

Every Poisson-Lie structure on G defines the bialgebra structure on g. 
The inverse is true provided G is connected and simply connected ||]. Two 
Poisson-Lie structures on G will be called equivalent if there exists an auto- 
morphism of G which is a Poisson map. 

The main aim of the present paper is to classify, up to equivalence, all 
Poisson-Lie structures on the four- dimensional Galilei group G. We adopt 
the following, rather straightforward, strategy. 

First, we write out r] in the form 

r)ig) = ^,{g)HAJ, + Mg)HAP, + T,{g)HAKi 

+A,ig)eijkPj A Ffe + Tij{g)Pi A Kj (17) 
+j:ij{g)Pi A Jj + Ei{g)eijkKj A Kk + 
+Vtij{g)Ki A Jj + Ui{g)eijkJj A Ju 
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where g = {t, a, v, R) is an arbitrary element of the Gahlei group G. 

Inserting the expansion (0) into the one-cocycle condition (|12D one ob- 
tains the following set of functional equations for the coefficients "^1,^1 , 
etc. 

<^i{gg') = <l>i{g) + RuMg') + £mfcM - an)Rki'^i{g') - 
-tRuTiig') 

Ti{gg') = Ti{g) + RiiTi{g') - SinkVnRki^iig') 

1 

Ki{gg') = Ai{g) + RuAi{g') - -SimnVmRni^iig') + 
1 

+ 2 [(^^^ ~ ^mVm)Sin " Vn{Vit - a^)] i?„i^i (^') + 
+ 2 [(^^i ~ ^i)^mp ~ RimRnpit'Vn ~ O,n)]0-'pmi9 ) 

-^tnpm{g')) + t^Rii^i{g') + 

+ {t^VpVi - Vpttit - Vittpt + apai)RprrJlm{g') 
'^ijiag') = '^ijig) + RimRjn'^mnig') + Rki'^iig') 
—ViRjiTi{g') 

^jnl^riRipRlk^pk 

—2teijsRsi^i{g') 

^jnl^ntRip] Rlk^pk (g') 
~^'2[^ijn'Vni^(^p ^pt)Rpm ^njrO'n'^rRirri\^m{^g ) ('^^) 

^ij{gg') = ^ijig) + RipRjk^pkig') - ViRji^i{g') 
—tRipRjk^pkig') + 

+2[{aj - tVj)Rim - {ai - tVi)RimSij]Ilm{g') 

'^ii.gg') = '^i{g) + Rin'^nig') - -{Vi6pm - RimRnpVn)^pm{g') + 
+ViVpRpmllm{g') 

^ijigg') = ^ij{g) + RipRjk^pkig') + '2{RimVj - RimVi6ij)iim{g') 

Ui{gg') = Iliig) + Rimllmig') 

In spite of their complicated structure they can be solved in the following 
way (cf. [0,0,0]). One decomposes the general element g = {t,a,v,R) into 
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the product of four elements belonging to the subgroups of time-and-space- 
translations, boosts and rotations, (see sec.|D. 

{t,a,v,R) = {t, 6, 6, 1) ■ (0,3,6,1) ■ {0,6, V, I) ■ {0,6,6, R) (19) 

According to the condition (i) one can successively calculate r]{g) using the 
above decomposition provided the form of t] for all four subgroups is known. 
In order to find the latter we specify eqs.(|T^) to those subgroups. The re- 
sulting equations can be easily solved; this is done in Appendix A. However, 
in obtaining the final form of i] we apply eq.(19) with some definite order of 
multiplication (for example using {t, a, v, R) = {t, 0, 0, 1)- 
■{{0,a,0, l){{0,0,v, I){0,0,0, R)))) so there could be further constraints on 
the parameters entering rj following from associativity. Therefore, we rein- 
sert rj into eq.(P^) with arbitrary g and g' to find all missed relations between 
parameters. In this way we produce the general solution to eq. (|12D described 
in Appendix B (see eq.( [B.l|) ). 

There remains to solve (ii) which imposes additional relations between 
coefficients of r]. It is very tedious to try to solve eq. ([I3|) directly so we 
adopt a different method. From our general form of r] we calculate S and 
impose (ii') which, in this context, is equivalent to (ii). On the other hand 
it is well known that (ii') can be restated as the condition that the dual 
map 6* defines a Lie algebra structure on Q*. Therefore, we first calculate S 
and the commutators on Q* resulting from it and then we solve the Jacobi 
identities. This is still a complicated problem but it can be simplified by 
using the boost and translation automorphisms of the Galilei group/algebra. 
Once this is done there remains only to use the residual automorphisms to 
put our solutions in canonical position. The more detailed discussion is given 
in Appendix C. 

At the end, having the form of t] (eq. ([T7|) ) and the form of the right- 
invariant vector fields (eq.(^), using eq.(|ri|) and taking into account that for 
all families of solutions Ili{g) = (see eq. (|B.l|) and sec.|TD one can easily 



calculate the following fundamental Poisson-Lie brackets. 

{Rab, Red} = 

{Va, Rbc} = ^bjlRlc^aj 

{da, Rbc} = £bjlRlc{^aj + tQaj) 

{t, Rbc} = —^bjlRlc^ j 

{t,Va} = Ta-SajlVl^j (20) 
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{^o, 'Vb} — —'^^abj^j + ^bjlt^l^aj — ^ajl^l^bj 
{a-a, Vb} = -Tab + ShjlVlT^aj " 

—'^t^abj'^j + tejjjiViQaj — ^ajlO-l^bj 
{o-ai Qfc} — —'^^abj-^j — f^ab + t'^ba — '^t^^abj'^j 

+£bjlQ'l^aj — ^ajlO'i^bj + tSbjiaiQaj 

—tEajldl^bj 
{t, aa} = -Einaan^i + ^a + ^a 



III Poisson— Lie structures on Galilei group 
— the results 

By applying the procedure outlined above we solve the relevant Jacobi iden- 
tities for dual algebra (making use of boost and translation automorphisms) 
and we arrive at the following families of Poisson-Lie structures (for all cases 

I. a-arbitrary, P ^ 0, 7 = 0, ^=0, v = 0, ^=0, 6 = 0, p = 0, Cij = 

0, Xij = 0, LOij = 
free parameters: a, l3 ^ 

II. a 7^ 0, /? = 0, 7 = 0, (j) = Fd, A = La, t)-arbitrary, ^ = 

0, 9 = 0, p = 0, = 0, iOij = W{a^8ij - a^aj), Xij = 

B{aiaj - loP'Sij) + 2Wveijkak 
free parameters: F,L,v,W ^ 0,B 

III. a = 0, /? = 0, 7 = 0, $=Fpi, X = Lfl, v = 0, f = 0, ^ = 0, p = 

0, aij = 0, iOij = W{5ij - iiiHj), Xij^B{iiiiXj-\5ij) + CeijklJ'k 
free parameters: F ^ 0,L,B,C,W ^ 0, /I, | | = 1 

IV. (3 = 0, 13 = 0, 7 = 0, = 0, A = Lpi, v = 0, ^ = Xjl, 6'-arbitrary, 

p = 0, aij = 0, LUij = W{Sij - piPj), Xij = B{piPj - l6ij) + Csijkiik 
free parameters: L, X,9,W ^ 0, B, C, jl,\\p,\ \ = 1 

V. a 7^ 0, /3 = 0, 7 = 0, (p = Fd, A = La, f-arbitrary, ^ = 0, 6 = 

0, p = 0, Gij = 0, ujij = 0, Xij = B{aiaj - ^a^^ij) 
free parameters: a ^ 0, F, L,v, B 
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VI. a = 0, = 0, 7 = 0, = 0, V ^ 0, , f = ^-arbitrary, 

p = 0, cr,y = 0, Uij = 0, 

A and Xij^ arbitrary except that SabcXab — 

free parameters: \,Xab,(^ 

VII. a = 0, /3 = 0, 7 = 0, (l>i = FSimnXmn, A = 0, v^O, f=0, ^ = 

0, p = 0, aij = 0, tUij = 0, 

Xij" arbitrary except that SimnXmn 

free parameters: F 7^ 0, Xmn 

VIII. (5=0, /3 = 0, 7 = 0, 0j 7^ i^^imnXmn and 7^ 0, L(f), u = 

0, f=0, ^ = 0, /9 = 0, aij = 0, LUij = 0, 
Xij- arbitrary 

— * 

free parameters: (f) ^ 0,L,Xij 

IX. a = 0, (3 = 0, 7 = 0, ^-arbitrary , A = 0, v ^ 0, ^=0, 9 = 

0, p = 0, (Tij- = 0, Uij = 0, Xij-arbitrary 
free parameters: (l),v ^ 0, Xij 

X. (5 = 0, (3 = 0, 7 = 0, = 0, A-arbitrary, v = 0, ^ ^ 

0, ^-arbitrary, p = 0, = 0, uJij = 0, x^j-arbitrary except that 

^abcXab^c 

— * — * 

free parameters: A, ^ ^ 0,9,Xij 

XI. (5=0, (3 = 0, 7 = 0, = 0, A = L/i, = 0, ,^ = 0, 6'-arbitrary, p = 

—\S, aij = S^jiiHj — ujij = 0, Xij = B{iiiiij — 

free parameters: S ^ 0,L, B, 9, j2,\\jl\ \ = 1 

XII. 5 = 0, /3 = 0, 7 = 0, = 0, A = 0, v = 0, f = 
0, 6'-arbitrary, p = -^S, aij = S{iXiiij - \6ij), Uij = 0, Xij = 
B{nifij — ^Sij) + CsijkHk 

free parameters: S 0, B,C 0,9, \ = 1 

XIII. 5 = 0, P = 0, 7 = 0, = 0, A = 0, v^O, <f = 0, ^ = 0, p = 
— ■^S, aij = SiyfiiHj — ^Sij), Uij = 0, Xij = B[nifj,j — ^Sij) + Csij^Hk 
free parameters: S 0,v = 0, B,C, jl,\\jl\ \ = 1 

XIV. 5 = 0, /? = 0, 7 = 0, = 0, X = Lfl, V = 0, |* = 
Xjl, 6'-arbitrary , p = -^S, aij = S^piPj - \5ij), Uij = 0, Xij = 
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free parameters: 5* 7^ 0, X 7^ 0, L, ^, S, /2, 1 | = 1 

XV. a = 0, p = Q, 7 = 0, $=Fll, A = 0, v ^ 0, ^"=0, ^ = 0, p = 

— ^S, aij — S{fj,ifj,j — l5ij), LOij — 0, Xij — B{iiifij — ^Sij) + CeijkfJ^k 
free parameters: S 0^ F 0,v 0, B,C, \ — 1 

XVI. a = 0, /3 = 0, 7 = 0, <P = FI2, A = 0, v = 0, ^ = 0, ^ = 0, p = 

— ^S, aij — S{fj,iiij — l5ij), u)ij — 0, Xij — B{fJ,iiij — ^Sij) + CsijkfJ'k 
free parameters: 5* 7^ 0, F 7^ 0, C, /I, | | = 1 

XVII. (5=0, /9 = 0, 7 = 0, (p = Fjl, X = Ljl, V ^0, ^^0, 9 ^ 
0, p = -\S, aij = S{niHj - \5ij), Uij = 0, Xij = B{ni^ij - \5ij) 
free parameters: 5 7^ 0, F 7^ 0, L, /2, | | = 1 

XVIII. a = 0, /? = 0, 7 7^ 0, = 0, A = L7, i; = 0, ^= X7, 6* = 
0, p = 0, aij = -Sijklk, ^ij = 0, = 

free parameters: X, L. 

Let us note that all Poisson-Lie structures with /? = 0, v — Q and ^ = 
are coboundary and the corresponding r-matrix reads 

r = i(j)kH A Pk + i-/kH A Kk + lakH A Jk + 

+ieijkXkPi A Pj + i{aij - pSij)Pi A Jj (21) 
+iXijPi A Kj - i{2uJij - uJnn5ij)Ji A Kj 
MSijkikKi A Kj 

Now there remains only to classify the orbits under the action of residual 
automorphisms corresponding to the rotations and scaling and put our struc- 
ture in the canonical form. This is a straightforward although very tedious 
task. The result can be summarized as follows. There are 69 famihes of in- 
equivalent Poisson-Lie structures which have been grouped for convenience 
into eight groups. Each group is described by an appropriate tables which 
are given below. They provide the main result of our paper. 

Let us note that for all groups n = 0. In the last column (labelled by 
we indicate the number of essential parameters. 

L p = 0, aij = 0, uJij = 0, Xij = 0, 7 = 
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N 


a. 




^ 


^ 

A 


V 




6 


# 


1 


(0,0, a) 


1 

















1 




a > 
















2 


(0,0,1) 





(0,0,1) 


(0,0,L) 


V 








2 


3 


(0,0,1) 








(0,0,±1) 


V 








1 


4 


(0,0,1) 











1 











5 


(0,0,1) 























6 








(0,0,1) 


(0,0,±1) 














7 








(0,0,1) 
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(0,0,1) 





1 











9 











Ai = 





(0,0,1) 


e 


2 










\l + \\ = l 










10 











(0,0,1) 








±1 





11 











(0,0,1) 














12 

















(0,0,1) 


e 


1 


13 




















±1 





14 



























II. /3 = 0,7 = 0,p = 0,(7ij = Q.ujij = W{5ij - 5i35j3),Xij = -B(fe5j3 - 
3%) + Ceijs 



N 


a 





— * 

A 


V 


— * 


e 


B 


c 


w 


# 


15 


(0,0,1) 


(0,0,F) 


(0,0,L) 


V 








B 


2v 


1 


4 


16 


(0,0,1) 


(0,0,F) 


(0,0,L) 


V 








1 








3 


17 





(0,0,±1) 


(0,0,L) 











B 


c 


1 


3 


18 










1 











1 





3 


19 








(0,0,L) 





(0,0,X) 


e 




1 


4 


20 








(0,0,±1) 





(0,0,X) 


9 








1 


2 


21 














(0,0,X) 


9 








1 


2 



III. a = 0,/? = 0,7 = 0,p = -|,(Jjj = {5iz5j2, - \5ij),ujij = 0,Xij = 
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N 


^ 


A 


V 


^ 


9 


B 


c 


# 


22 


(0,0,1) 


(0,0,L) 











B 





2 


26 


(0,0,1) 





7^ 








B 





o 
Z 


24 


(0,0,1) 





V 








B 


C 


3 


25 





(0,0,L) 





(0,0,±1) 


e 


B 





3 


26 





(0,0,L) 








±1 


B 





2 


27 





(0,0,L) 











1 





1 


28 





(0,0,L) 

















1 


29 








1 








B 


c 


2 


30 














e 


2S2+6C2=3 


2 





















IV. a = 0, /3 = 0, = 0, = 0, , 6* = 0, p = 0, Wjj- = 0, Xij = 0, cTj^- = -Sij^ 



N 


7 


— * 

A 


— * 


# 


31 
32 


(0,0,1) 
(0,0,1) 


(0,0,L) 
(0,0,L) 


(0,0,±1) 



1 
1 



V.a = 0,/3 = 0,7 = 0,^; = 0,p = 0,(7^,- = 0,0;^,- = 0,trx = 0,Exfi = 

l,Xy = C?«a^(Xll,X22,X33) 



N 





A 


— * 


9 


# 


33 





l|A|| = l 





6 


4 


34 





A 


liell = l 


e 


7 


35 


11011 = 1 


A = L0 








4 



(Vb) Xll = X22 7^ X33 



N 





^ 

A 




6* 


# 


36 





Ai = 







2 






Ai + AHl 








37 





A 


6 = 


e 


5 






A = L0 


cl + el = i 






38 


01 = 








2 




01 + 01 = 1 
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VI. (3 — 0, P = 0,^ = 0,v = 0, p = 0, aij = 0,uJij = 0,trx 

1, X32 = -X23 0, Xl2 = X21, Xl3 = X32 
(Via) X22 7^ X33 



3 

E 



o,Ex| 



N 




— * 

A 


? 


e 




39 







Ai = 










6 








A| + A| = 


= 1 










40 







— * 

A 




6 = 


e 


9 




ll<?ll = 








el + 6' = 


= 1 






41 


1 

= 1 












7 


(VIb) X22 = 


X33 














N 





A 




e 


# 




42 





Ai 
A 


= A2 = 







e 


4 




43 







A 




= 6 = 


e 


7 












6 = ±1 








44 


(i^,o,i) 












5 





Vll.a = 0,/3 = 0,7 = 0, A = 0,^ = 0,/9 = 0,(Tij = 0,uJij = 0,trx 



3 

E 



0,EX?; = 1, 



(Vila) Xll 7^ X22 7^ X33, Xl3 = -X31, X23 = -X32, Xl2 = -X21 



N 




V 


e 




45 








±1,0 


4 


46 




1 





7 


(Vllb) 


Xii 


= X22 7^ X3 


N 








# 


47 








±1,0 


2 


48 




1 





5 



(VIIc) Xll = X22, Xl3 = X31 = X23 = X32 = 0, Xl2 = -X21 
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N 





V 


e 


# 


49 








±1,0 


1 


50 


(0,02,03) 


1 





3 



Vlll.a = 0, /? = 0, 7 = 0, = (0, 0, 1), A = 0, = 0, <f = 0, ^ = 0, p = 

3 

0, a^j = 0, ujij = 0, trx = 0, E xlj = 1, X12 = -X21 = 



(Villa) xu 7^ X22, Xi3 = X31, X23 = X32 
(Vlllb) xii = X22, Xi3 = X31 = 0, X23 = X32 

Now, inserting the appropriate values of the parameters (hsted above) to 
eq.( |B.l| ) and using eq.(|^) one can easily calculate the fundamental Poisson 
brackets for all nonequivalent structures. 

IV Summary 

We have obtained all Lie-Poisson structures on the four- dimensional Galilei 
group and classified them up to the equivalence implied by group automor- 
phisms. The resulting set of structures appears to be quite rich; in particu- 
lar, it includes many non-coboundary structures, to be contrasted with the 
Poincare group case 0. In spite of that, part of them can surely be obtained 
from those on the Poincare group by a contraction procedure. 

The next step to be done is to quantize the Lie-Poisson structures. In 
general, the consistent quantization is not an easy task. However, the pre- 
liminary study already done by us shows, that most of the cases described 
here are quantization friendly. 

V Appendix A: The cocycle condition for sub- 
groups 

Let us specify the equations ([Tsl) for the subgroups of rotations, boosts, space 
and time translations. They read, respectively: 



^,{R) + Ru^i{R') 
^,{R) + RuHR') 



14 



Ai(RR') = Ai(R) + RiMR') 

Tij(RR') — T ij{R) -\- RijnRjiT m.i{F{!) (^-1) 

T,ij{RR') — T,ij{R) + RijnRjl^ml{R') 

Ei(RR') — Ei(R) + Rim'^jn{R') 

Qij(RR') — ilij{R) + RijnRjl^ml{R') 

Ui(RR') = Ui{R) + RaUi{R') 

^i(t7 + v') = ^'i(v) + 

ri{v + V') = ri{v) + ri{v') - einkVn^k{v') 

Ai{v + v') = Ai{v) + Ai{v') - ^EimnVAiv') (A.2) 

Tij{v + V') = Tij{v) + ejnkVn^kiv')Vi-Tj{v')Vi- SjnkVn^ikiv') 

Eij{v + v') = T^ijiv) + T.ij{v') - Vi'^jiv') 

Ei{v + V') = Ei{v) + Ei{v') - ^{ViflrnmiV) - 
-VpQpi{v')) + Um{v')VmVi 

9,ij{v + v') = ilij{v) + 9,ij{v') + 2Ui{v')vj -2Um{v')vmSij 

Ui{v + v') = Ui{v} + Ui{v') 

*i(a + a') = ^i(a) + ^i(a') 

ri(a + a') = ri{a) + ri{a') 

Ai{a + a') = Aj(a) + Ai(a') + n^(a')amai - -(a^^,^ - a,5j^)E,^(a') 

Ty(a + a') = Tjj(a) + Tjj(a') + £mfca„rijfc(a') (A. 3) 

T,ij{a + a') = T^ijid) + Sij(a') + 2(ni(a')aj - Ili{a')aiSij) 

Ei{a + a') = Ei{a) + Ei{a) 

Qij{a + a') = Qij{a) + Qij{a') 

Ili{d + a') = Ili{a) + Ili{a') 
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-^iit + t') 






^i{t + t') 




tr,(t') 


Ti{t + t') 


= r,(t) + r,(t') 




Ai{t + t') 


= A,(t)+A,(t')- 




Tijit + t') 


= T,,(t) + T,,(t') 


— 2teijiEi{t') 


^ij{t + t') 






^iit + t') 












Ili{t + t') 


= n,(t) + n,(t') 





(A.4) 



Note that all eqs( |A.l| ) have the same structure: 



Ti^...if,{RR ) — Tij^^^^i^(R) + -Rjiji . . . Rikjk^ji—jk^R ) 



(A.5) 



They can be solved by integrating over R! with respect to the Haar measure 
on S0(3): 



Tii...iki.R) 



{Riiji ■ ■ ■ Rikjk 



^iljl ■ ■ ■ ^ikjk)^jl---jk 



(A.6) 



where 0^^,..^^. are constants. This result agrees with general theorem that 
all cocycles on semisimple groups are coboundaries. On the other hand it 
follows immediately from eqs. ( |A.2|^A^ that all functions entering there are 
polynomials in the relevant parameters. This allows us to write out explicitly 
the general solutions. 








bijVj 



(A.7) 



-{(^ikO-jl + SjiO'lk — O-ljSki + -^jkl^inmO'nrnj'VkVl 



i. j k^ inm^nm ^ijn(^kn)'^k 

dikVk + (TCjifc - \ {ej5ik + ekSij))vjVk 
4 o 

{eijk + -^{(^kSji - eiSjk))vk 

0, 
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where eijk = Ckji, Cuk = 0; 

^i(a) = 



Vila) = gijttj 

1 1 

Ai(a) = hijttj + -{hjik - -{hj6ik + hkSij))ajak 
Tij{a) = kijkttk (A. 8) 

Sjj(a) = {hijk + -{hkSij — hi6jk))ttk 



where h. 



ijk 



1 — ^i(fl) lijttj 






flij (a) = 






Hi (a) = 0, 






hkjii hiik 0, 








Pit 




Ht) = 


Tit — 


1 2 
-Sit^ 

2 


m) = 


Sit 




Ht) = 


Uit - 


1 

'^^imn-^mn 


= 


Xijt ~ 


- £ijkWkt^ 


= 


Vijt - 


1 2 
" l^^ijt 


m = 


Wit 




Qijit) = 


Zijt 




= 


rriit. 





e + Kvit"" 



(A.9) 



VI Appendix B: The general solution to the 
cocycle condition 

According to the procedure outhned in sec.||, we use the cocycle condition(i) 
together with the decomposition (|19]) and the expressions written out in 
Appendix A to produce the Ansatz for ri{g). Inserting it back into (|T8|) we 
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find the general solution for 77 of the form. 

^i{g) = {Rij-6ij)(j)j+p{ai-Vit)--fjRijt + eijkaiRji{ak-Vkt) 

Ti{g) = {Rij - 5ij)-ij + I3vi + EijkaiRjiVk 

1 1 

^i{g) = {Rij - + {P- -j<ynn){ai - Vit) + -PeijkttjVk (B.l) 

+ ^eijk4>iRjiVk - ^ajRij{akVk - vH) + 

+ ^ajRkjVk{ai - Vit) + CjRij^^ - ^^ijkliRjiVkt + 
1 

— ^^jkiXkiRijt — UjiRijRkiakt + vvi + 

+ \a.,R.,Ru{ak - Vkt) + UkR^kia^a^ + 2v^v.t) - 
-ni{akRkiVi + aiRkiVk)t 
Tij{g) = {RikRji - SikSji)xki + SijOt -^Sijf^tf + 

+^jklOl.nRlnVkVi — ^kRjkVi — 2eijk^lRklt 
^ jkl'^nsRinRls'^k ~l~ P^ijk'^k ~l~ ^nn^ijkOik 
+2u!ns{£iklRjsRlnak — ^ijlRksRlnVkt) 
+2ni{RjlVk — RmlVmSik)£kinO'n + 

— 2nkVsVmRmk^sijt + '^IkRukRil^f^nt^ 

^ijid) = {RikRji — Sik5ji)aki — PsijkVk — akRjkVi 
—2uikRikRjit + 

~\~2Tlk(^Rik^j Rmk^m^ij Rik'^jt ~t~ Rmk'^m^ijt) 
Si(fi') = {Rij ~ + l^jlRijRklVk + nkRmkVmVi 

^ijid) = '^{RikRjl — 5ik5jl)^lk + 2nk{RikVj — RmkVm^ij) 

Ili{g) = {Rij - 6ij)nj 

VII Appendix C: Jacobi identities 

Using the general form of 77 described in Appendix B we find from eg. : 
6iH) = jiH APi + ^{xkj - Xjk)Pj A Pk + {2eijk^k - 06ij)Pi A Kj 
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{2L0ji — U3nn^ji)Pi A Jj 
5{Ps) = {PSis + eiksOLk)H APi + SijkipSis - ^annSis + 

+ 2^si)Pj Pk + {'^^lis^lj — ^jis^nn)Pi A Kj 

)PiAJj (C.l) 

SiK,) = (/?5., + e...a,)i7AP. + (..,.-l(M.-M..))^.^ 
+ {p^ijs - ^kjsCTik - ljks)Pi A Kj + 
-{(isijs + cxj5is)Pi A Jj + EijkLVisKj AKk + 
+2{nj5sk - nsSjk)Kj A Jk 
S{Js) H A Ji + esij(j)jH A Pi + Eijs'JjH A K; 

+ — \kSjs)Pj A Pk + {Ssik^kj + £sjkXik)Pi A Kj 

+ {£sikO'kj + £sjkO'ik)Pi A Jj + {Ci^ks — ik5js)Kj A Kk 

+2{esikUJjk + £sjk^ki)Ki A Jj + 2nkJk A Jg 

Let Xi denote a basis in Q* defined by < Xj, Xj >— Sij. Then 6 imposes the 
following commutator structure in Q*. 

[H, Jk] — ^ikioiiJi 

[H,Pk\ = -fkH + {P5ik + eikiai)Pi + eiki(l)iJi 

[H,Kk] = {P5ik + eikiai)Ki + EikHiJi 

[Kk,Jl\ = '^{nkSli-ni5kl)Ki + 2{eiknUJln + ^ilni^nk)Ji 

[Pl,Pm] = (Xlm- Xml)H + 2eklm[pSki + -^((^ik- <^nnSik)]Pi 

1 

+ 2[veiim + - {4>lSim - 4>mSli)]Ki + (C.2) 

+2(A;5iTO — \mhk)Ji 
[Pk, Kl] — {2^n^nkl — 0^kl)H + {2£nki^^nl — ^nn^lki)Pi 
+ {p£kli - ^linCTkn - Skill) Ki + 
^"(^^fenXn^ ^ilnXkri) J-i 

[Pk,Ji] = {2uik- uJnnSik)H + 2{nk5ii- ni5ki)Pi 

~{P^kli + <^lSki)Ki + {SiknO'nl + ^iln'^kn)Ji 
[Kffi, Kyi] 2£kmn^kiKi -\- 2{^^5ni Cn^mijJi 

[Jk,Ji] = 2{nk5ii-nidki)Ji 
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Now we have to solve the Jacobi identities for the structure described in 
(|C.2|) . This is still a complicated task so we apply a mixed procedure con- 
sisting in solving part of Jacobi identities directly and applying the group of 
automorphisms to simplify the remaining ones. 

Therefore, we first give the action of automorphism group on parameters 
of 6. Let us start with inner automorphisms. They read 

dk = di l'k = Ik - Pvk + SkiiViai 
P' = P \'k = Afc - vvk - -ekii(f>iVa 

0' = ^fc = 6 - ^knVn - VkiVnTin) (C.3) 

e' = e p = p - -anVn 

V' = V u'ij = Uij + ViTLj + {Vnnn)6ij 

1 

1 

Xab = Xab + Valb + ebnmVnamVa " -SabkC^nkVu 

1 1 

P^abn^n alm^^bl'^in '^^blm^^al'^m, 

_1 

2 (^riTn ~l~ ^Inm^nl'^mj^ab 



for boosts, 



n' = n, a' = a, (3' = {3 

v' = v, i' = l 9' = e 

(/)■ = (f)i- I3ai - SinkOlnak 

7fc = Ik - 2eknmamnn (C.4) 

K = h - -c^nkan - pcik - o?nk - {niai)nk 
4 2 

p' = P - -ttkUk (j'ab = CTab + -{aknk)Sab " ^Uattb 
X,ab Xa6 ^abn^nk^^k ^amk^mb^'k ~l~ 

2 

~\~^bmk^maO'k ~l~ r^^mnk^mn^k^ab 
<^ab = ^ab 



20 



for space translations and 



n' = n 



V = V 



a = a, f3' = (3, 7' = 7 
i' = 0' = 0, = ujij 



, 1 

P = P + -^tUnn 
x'ab = Xab + "^tSabk^k 




for time translations, respectively. 

Under the rotations the parameters transform as tensors of appropriate 
rank. 

Besides, there are two outer automorphisms, which correspond to rescal- 
ing of space and time unit, (a —>■ aa, t —>■ bt). They read: 



We shall not enter into all details. Let us rather give a sketch of the proce- 
dure. 

By solving Jacobi identities for the subalgcbra generated by H, Ji, we 
find the following six famihes of constraints on parameters n, (3, a, Uij, 7, and 
a)n = 0, a-arbitrary , /3 7^ 0, 7-arbitrary, ^ = 0,u!ij = 

h)n — 0,d 0,P — 0, 7-arbitrary, ^ — + W{d X 7),a;,y = W{a'^6ij — 

c) n = 0, a = 0, /5 = 0, ^-arbitrary, Uij = W{5ij - /liHj) + VSijkHk, ||a«|| = 1 
^^f 7/1 if + 1^1 7^ 

^ 1 arbitrary ii W = V = 

d) n = 0, a 7^ 0, = 0, LVij = Wdij, ^ = ^{a x ^),W Q, ^-arbitrary 




(C.5) 



^'ab — ~^ab 
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e) n = 0, a 7^ 0, /3 = 0, Uij = 0, ^\ \d, 7±a 

f) n = 0, d = 0, (3 = 0, uJij = W6ij, 7 = 0, (^-arbitrary 

Now we have to solve the remaining Jacobi identities. First of all let 
us note that there are ambiguities in determining the matrices aij and Xij- 
Namely, both can be redefined by adding the arbitrary multiplies of unit 
matrix. In order to remove this ambiguity we put tra = trx = 0. Now we 
use the automorphisms generated by boosts, space and time translations to 
simplify the Jacobi identities. For example in the cases (a),(d) and (e) we 
may use the boost to put 7 = from the very beginning. On the other hand 
in the case (b) by solving Jacobi identity for H,Pi,Pk we find 7a = and 
again the boost can be used to put 7 = 0. Following this way we obtain the 
eighteen families of solutions described in sec.[m|. 
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